Let K (r) s1,s2,··· ,sr be the complete r-partite r-uniform hypergraph and ex(n, K (r) s1,s2,··· ,sr ) be the maximum number of edges in any n-vertex K (r) s1,s2,··· ,sr -free r-uniform hypergraph. It is well-known in the graph case [19, 18] that ex(n, K s,t ) = Θ(n 2−1/s ) when t is sufficiently larger than s. In this note, we generalize the above to hypergraphs by showing that if s r is sufficiently larger than
Introduction
Let r ≥ 2 be an integer and T, H be two r-uniform hypergraphs. An r-uniform hypergraph is called H-free if it contains no copy of H as its subhypergraph. For any integer n, let ex(n, T, H) be the maximum number of copies of T in an n-vertex H-free r-uniform hypergraph. In case T is a single edge, this function then converts to the Turán number ex(n, H) of the hypergraph H.
The study of Turán numbers ex(n, H) is the main focus of the extremal graph theory. This was initiated by the celebrated theorems of Mantel [21] and Turán [24] , which determine the precise value of ex(n, H) when H is a complete graph. For general graphs H, Erdős-Stone and Simonovits [13, 12, 23] resolved Turán numbers ex(n, H) asymptotically, except for bipartite graphs H (which is often called the degenerate graphs). Even to date there are still few degenerate graphs the asymptotics of whose Turán numbers are known. One of such examples is the complete bipartite graph K s,t . A well-known theorem of Kővári, Sós and Turán [19] shows that ex(n, K s,t ) = O(n 2−1/s ) for any integers t ≥ s. For s = 2, 3, matched lower bounds were found in [11, 5] respectively; for other values of s, this bound was known to be tight when t is sufficiently larger than s, which was first proved by Kollár, Rónyai and Szabó [18] and then slightly improved to t > (s − 1)! by Alon, Rónyai and Szabó [1] . Recently, Blagojević, Bukh and Karasev [3] and Bukh [6] used the random algebraic method to give different constructions which yield the same lower bound ex(n, K s,t ) = Ω(n 2−1/s ) as in [18, 1] , provided that t is sufficiently large. For more extremal results on generate graphs, we refer to the survey [14] .
For the function ex(n, T, H) where T, H are graphs and T is not an edge, there are only sporadic results such as [9, 4, 16] in the literature, until recently Alon and Shikhelman [2] systematically investigate this general function and obtain a number of results on complete graphs, complete bipartite graphs and trees. Among other results, they [2] proved that for s ≥ 2m − 2 and t ≥ (s − 1)! + 1,
and for (a − 1)! + 1 ≤ b < (s + 1)/2 and t ≥ s,
By contrast with the graph case, very little was known for the hypergraph Turán problems. (For instance, it is not known the value of ex(n, H) when H is a complete r-uniform hypergraph on t vertices for any pair of integers t > r > 2, even asymptotically.) An r-uniform hypergraph H is called degenerate if it is r-partite, i.e., its vertices can be partitioned into r parts such that each edge contains exactly one vertex from each part. Let K (r) s 1 ,s 2 ,...,sr be the complete r-partite r-uniform hypergraph with parts of sizes s 1 , ..., s r respectively. A classical result of Erdős [10] indicates that ex(n, K (r) s 1 ,s 2 ,...,sr ) ≤ O n r−1/(s 1 ···s r−1 ) for all s 1 ≤ s 2 ≤ · · · ≤ s r . It was probably widely believed but not stated formally until in [22] , where Mubayi conjectured that for all
..,sr ) = Θ n r−1/(s 1 ···s r−1 ) ; some sharp constructions were also given in [22] in case s 1 = · · · = s r−2 = 1. The special case ex(n, K
2,2,...,2 ) intrigues many researchers and is often referred as the box problem. In [15] Gunderson, Rödl and Sidorenko provided a construction for ex(n, K
2,2,...,2 ) which beats the canonical lower bound from the probabilistic deletion method. As for r = 3, the current best bounds are Ω(n 8/3 ) ≤ ex(n, K (3) 2,2,2 ) ≤ O(n 11/4 ), where the lower bound was obtained by Katz, Krop and Maggioni in [17] .
Our first result generalizes (2) to hypergraphs. 
This result is also obtained by Verstraëte [25] independently.
Also when restricting to r = 2, Theorem 1.1 improves (2) by weakening the relations between a, b and s, at the cost of requiring t to be even larger. 
Our construction of the lower bound in Theorem 1.1 is from the random algebraic method, which was initialed in [3, 6] and developed in [8, 7] quite recently. Similarly as in [3, 6, 8, 7] , it also suffices for us to construct a degenerate hypergraph, for the purpose of counting complete degenerate hypergraphs. However, if one wants to count the number of copies for some nondegenerate hypergraph H, then it will be necessary to consider non-degenerate examples. Using a variant of the random algebraic method, we show the following result for general H. In the graph case, if we choose H to be a complete graph K m , then together with an upper bound from [2] 
for t ≥ s ≥ m − 1, we can deduce the following analog of (1), by relaxing the condition to s ≥ m − 1. 
Lower bounds
In this section, we prove Theorem 1.4 by providing a random algebraic construction. The main part of the proof will follow the line of [6, 8, 7] closely. For given positive integers s 1 , s 2 , · · · , s r−1 and an r-uninform hypergraph H, throughout this section let
Let q be a sufficiently large prime power (compared to the above parameters) and let F q be the finite field of order q.
.., X r ] with rb variables over F q . We say such a polynomial f has degree at most d in X i , if each of its monomials with respect to X i , say (
And a polynomial f is called symmetric, if exchanging X i with X j for every 1 ≤ i < j ≤ r will not affect the value of f . It will be convenient to view the domain of symmetric polynomials as the family r . Given such a symmetric polynomial f , we then can define an r-uniform hypergraph G f = (V, E) as following: the vertex set V is a copy of F b q , and every
.., X r ] be the set of all symmetric polynomials of degree at most bs in X i for every 1 ≤ i ≤ r. Choose a polynomial f from P uniformly at random and let G = G f be the associated r-uniform hypergraph. Our goal is to show that averagely this G contains many copies of H but very few copies of K (r) s 1 ,s 2 ,...,s r−1 ,p , assuming p is sufficiently large; then one can use the deletion method to obtain a subhypergraph of G which is K (r) s 1 ,s 2 ,...,s r−1 ,p -free and yet has expected number of copies of H.
We shall first present some lemmas which are needed later in the proof. A set of points in F b q is called simple if the first coordinates of all the points are distinct. The analogous proof of the coming lemma can be found in [6] .
The following lemma will be crucial, which says that for any set U ⊆ F b q r of bounded size, the probability that U appears in the kernel of a randomly chosen polynomial f ∈ P is precisely 1/q |U | . In this sense, we see that f indeed behaves randomly. 
Lemma 2.2 Given a set U ⊆
Proof. By Lemma 2.1, there exists an invertible linear transformation T :
q is simple. Then T induces an invertible linear transformation T * : P → P by letting
Therefore, it will suffice for us to consider that V is a simple set.
Now observe that any {u 1 , u 2 , ..., u r } ∈ U is uniquely determined by {u 1 1 , u 2 1 , ..., u r 1 }, which is uniquely determined by
Since |U | 2 < p, applying Lemma 2.1 (and its proof) to the set consisting of all [u 1 , u 2 , ..., u r ], we can find an injective linear function φ : U → F q such that
and T be the linear subspace generated by 1, t, t 2 , . . . t |U |−1 over F q . So t is a symmetric polynomial in P of degree at most one in each X i . Also as |U | ≤ bs, any polynomial in T has degree at most bs in each X i . This shows that T ⊂ P, where |T | = q |U | . We fix a supplement subspace W of T in P.
We then decompose f as f = g + w, where g ∈ T and w ∈ W . Clearly, one can sample f ∈ P uniformly by first sampling w ∈ W and then sampling g ∈ T . Hence, to study the system f (u 1 , u 2 , ..., u r ) = 0 for all {u 1 , u 2 , ..., u r } ∈ U , it suffices to consider the system of linear equations
where we view w as a given function and view g as unknown. In fact, g can be viewed as a polynomial in F q [t] of degree at most |U | − 1 satisfying
Recall that φ is injective. Therefore, by the Lagrange Interpolation Theorem, for every given w ∈ W , there exists a unique solution g ∈ T to the above system, while there are exactly q |U | polynomials in T . This shows that the probability that f (u 1 , u 2 , ..., u r ) = 0 for all {u 1 , u 2 , ..., u r } ∈ U is 1 |T | = q −|U | , finishing the proof.
The following lemma of [6] is also important. It indicates the key insight of the random algebraic constructions, that is, to provide "very non-smooth probability distributions" (quoted from [6] ). 
We are ready to prove Theorem 1.4.
Proof of Theorem 1.4.
Recall the parameters defined in the beginning of this section. We shall show that it suffices to choose the constant c from Lemma 2.3. Notice that c only depends on s 1 , s 2 , ..., s r−1 and the hypergraph H.
As described, we choose a polynomial f ∈ P uniformly at random and let G be the associated r-uniform hypergraph G f . Let N = q b be the number of vertices in G, where q is sufficiently large. Following our definitions, H has v vertices and e edges, where e 2 < q, v 2 < q and e < bs. By Lemma 2.2, the probability that given v vertices in G form a copy of H is at least 1/q e . Therefore, the expected number of copies of H in G is at least
Let T be a fixed labelled copy of K 
be the total number of all possible ordered collections of s copies of T ∈ W which could appear in G as a copy of
Since the number of edges e(L) = b · (|L| − t) of L is at most bs and q is sufficiently large, by Lemma 2.2, the probability that a potential copy L appears in G is q −e(L) . Hence,
Note that W consists of points x ∈ F b q satisfying the system of b equations f (w 1
, ·) has degree at most bs, by Lemma 2.3, either |W | < c or |W | ≥ q − c √ q ≥ q/2. Using Markov's inequality, we then have
A sequence of vertices w i j for 1 ≤ j ≤ s i and i ∈ [r − 1] is called bad, if the corresponding set W has cardinality |W | ≥ c. Let B be the random variable counting the number of bad sequences in G. Since s = bt − b + e + 1 and q is sufficiently large, it follows that
We now remove a vertex from each bad sequence to form a new hypergraph G ′ . This leaves no bad sequences in G ′ , so G ′ is K Hence, the expected number of copies of H in G ′ is at least
Therefore, for any p ≥ c, there exists a K We see that Theorem 1.4 constructs a non-degenerate hypergraph with desired properties, which is obtained by considering a random symmetric polynoimal f ∈ P.
Upper bounds for degenerate hypergraphs
In this section, we complete the proof of Theorem 1.1 by proving the following lemma.
where o(1) goes to zero as n → ∞.
Proof. Let α 1 , ..., α ℓ be all distinct integers in {a 1 , a 2 , ..., a r } and for any j ∈ [ℓ], let β j be the number of all a i 's which is equal to α j . Let γ := β 1 !β 2 ! · · · β ℓ !.
Given an n-vertex K We will prove a slightly stronger statement that N is at most the above right-hand side, using induction on r. The base case r = 2 follows directly from a result of Alon-Shikhelman [2] that
. We point out that this inequality originally states in [2] for a ≤ b < s ≤ t, however the same proof actually shows that it also holds under the slightly general conditions a ≤ s and b < s. We assume that this statement holds for (r − 1)-uniform hypergraphs.
Consider an r-uniform hypergraph H. Let A 1 , ..., A r−1 be any r − 1 disjoint subsets of V (H) of sizes a 1 , ..., a r−1 respectively. Write A = (A 1 , A 2 , ..., A r−1 ) as an ordered (r − 1)-tuple and let n A be the number of vertices w such that A 1 , ..., A r−1 , {w} induces a complete r-partite subhypergraph of H. It then follows that
where the summations here and in what follows are over all such A's from H. Recall the means inequality that for any 0 < p ≤ q,
Letting m be the number of (r − 1)-tuples A and in view of a r ≤ s r−1 , we obtain from (3) that 
For any subset S ⊆ V (H) of size s r−1 , let H S be the (r − 1)-graph on V \S, where f ∈ E(H S ) if and only if f ∪ {u} ∈ E(H) for every u ∈ S. Since H is K 
Therefore we have
Let I be the family consisting of all (r − 1)-tuples A with n A ≥ log n, and J be the family of the remaining A's. Then by (6), 
Putting (7) and (8) together, we derive (5) as claimed.
Lastly, using (4) and (5), it is straightforward to show that the number N of copies of ordered K This completes the proof.
Remark. If a 1 = · · · = a r = 1, instead of requiring each s i ≥ 2, we point out that one can just choose s 1 , ..., s r to be any positive integers and the same proof will also work. This justifies Corollary 1.2.
Concluding remarks
Our lower bound is obtained by the random algebraic method. When restricting to the graph case, this provides a different construction for ex(n, K m , K s,t ) and ex(n, K a,b , K s,t ), compared to the projective norm-graph construction given in [2] (which was acquired from [1] ). As seen in Corollaries 1.3 and 1.5, the random algebraic construction sometimes can even beyond the limit of norm-graphs.
The Ramsey numbers of complete degenerate hypergraphs also have been studied (see [20] ).
It will be interesting to see if the lower bound in Theorem 1.4 is tight when H is a complete r-uniform hypergraph. We are not able to get a satisfied upper bound for this case but tend to believe the answer is affirmative.
